A spin strongly driven by two incommensurate tones can pump energy from one drive to the other at a quantized average rate, in close analogy with the quantum Hall effect. The quantized pumping is a pre-thermal effect with a lifetime that diverges as the drive frequencies approach zero. We study the transition between the pumping and non-pumping pre-thermal states. The transition is sharp at zero frequency and is characterized by a Dirac point in the instantaneous band structure parametrized by the drive phases. We show that the pumping rate is half-integer quantized at the transition and present universal Kibble-Zurek scaling functions for energy transfer processes in the low frequency regime. Our results identify qubit experiments to measure the universal linear and non-linear response of a Dirac point.
1
2 driven by two circularly polarized magnetic fields with incommensurate frequencies (ω 1 and ω 2 ) pumps energy from drive 1 to drive 2 at a quantized average rate [10] [11] [12] [
where = 1, the spin is prepared in the instantaneous ground state, and C g equals the Chern number of the instantaneous ground state band as a function of the drive phases. In the trivial regime, C g = 0 and the spin doesn't pump. In the topological regime however, C g is a nonzero integer, and the spin pumps energy as long as it is locked to the direction of the field [10, 12] . The lifetime of the pumping is exponentially long in 1/ω in the low-frequency regime and can be further extended by either introducing relaxation processes [11] , or by counterdiabatic driving [12] [13] [14] .
In this letter, we show that C g , and thus the power, is quantized to a half-integer at the dynamical transition between the topological and trivial regimes. The transition is controlled by a sign change of the mass at a Dirac point in the instantaneous band structure [12, [15] [16] [17] . However, for times t t u , the spin trajectory is generally far from the Dirac point and the pumping rate is set by the integrated Berry curvature of the ground state band excluding the Dirac point.
The half-integer quantized pumping is nontrivial to observe as (i) the spin exchanges energy with the drives when it unlocks, and (ii) an unlocked spin pumps energy at a rate less than in Eq. (1) . The unlock time t u at the transition follows from Kibble-Zurek arguments [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] , 4)). As ω → 0, the power approaches zero in the trivial phase (δ > 0), PQ in the topological phase (δ < 0) and PQ/2 at the transition (δ = 0). At small finite ω in the KibbleZurek scaling limit, the power smoothly crosses over from 0 to PQ with parabolic level sets (dashed lines).
where B 0 is the typical scale of the magnetic field acting on the spin.
We show that the average power has two universal contributions as t/t u → 0:
The second term, due to spin excitation, dominates the topological term as ω → 0. However, drawing intuition from the action of time-reversal on Chern insulators, we isolate the topological and excitation terms and their associated universal Kibble-Zurek scaling functions using time evolution with the Hamiltonian and its complex conjugate (see Fig. 1 The integrated Berry curvature sets the (average) pumping rate until the spin enters the excitation region | θt| < θ * (dashed circle) for the first time (red point). At this point, the spectral gap of H( θt) is too small to maintain adiabaticity (lower plot), the spin unlocks, and the pumping rate decreases.
of the drives. Incommensurately driven few-level quantum systems thus offer a unique window into the universal properties of the topological phase transitions of band insulators.
Model: For concreteness, we work with the same "half-BHZ model" as Refs. [10] [11] [12] . The Hamiltonian is
where θ t = (θ t1 , θ t2 ) is the vector of drive phases, θ ti = ω i t + θ 0i for i = 1, 2 and the ratio of the drive frequencies ω 2 /ω 1 is an irrational number. We assume that the ratio of drive frequencies is order one, so that ω = √ ω 1 ω 2 is the single frequency-scale on which H varies. The spin is prepared in the instantaneous ground state at t = 0. Instantaneous band structure: The instantaneous band structure consists of bands with energies ∓ 2 . At each θ, the spin in the ground (excited) band is aligned (anti-aligned) with B( θ). This band structure is identical to that of the half-BHZ model in momentum space [15, 32, 33] . The ground state band has Chern number C g = 1 for −2 < δ < 0, and C g = 0 for δ > 0.
In the vicinity of the transition at δ = 0, there is a massive Dirac point in the band structure at | θ| = 0: Fig. 2a is a density plot of the Berry curvature of the ground state band in the topological regime, close to the transition. The Berry curvature has two contributions: a piece that is smooth in δ and θ and integrates to π; and a singular piece which concentrates into a delta function at θ = 0 and integrates to −sgn(δ)π [15, 32] . The drive phases follow trajectories of constant slope in θ-space (shown in blue in Fig. 2a ). Consider t t u . Away from the Dirac point, the Berry curvature is small, and the spin state along the trajectory approximately follows the instantaneous ground state [34] . In the low frequency limit and with ω 2 /ω 1 irrational, the trajectory uniformly samples this Berry curvature over time.
We show below that the average power is set by the integrated Berry curvature of the instantaneous ground state band before unlock. Sufficiently far away from the transition, the trajectory samples the entire Berry curvature. At the transition, however, the spin unlocks before sampling the singular component associated with the Dirac point. Thus, the integrated Berry curvature in Eq. (1) is given by
Pump power: The instantaneous rate of energy transfer from drive 1 is given by [10] 
with a corresponding expression for P 2 . As the spin cannot absorb energy indefinitely, the net energy flux into the system time-averages to zero,
x denotes averaging with respect to variable x. In the low frequency limit, P 1 is a sum of two terms, one analytic and one non-analytic in ω. The analytic term is completely determined by the instantaneous values of θ t , while the non-analytic terms depend on the entire history of the trajectory. As in the Landau-Zener problem, the analytic terms describe the perturbative "dressing" of the spin state over the instantaneous ground state [34] [35] [36] . The non-analytic terms capture the nonadiabatic excitation processes between the dressed states. Below we refer to the leading order analytic term as P 1T , as it is of topological origin, and non-analytic term as P 1E , which is due to excitations.
Topological contribution to pumping for t t u : We now derive Eq. (1) with C g given by Eq. (6). Let |g( θ t ) be the spin state dressed to order ω above the instantaneous ground state. Thus,
where we have suppressed the time dependence of θ for brevity. Using the product rule, we obtain
where Ωg( θ) = 2Im ∂ θ1g |∂ θ2g is the Berry curvature of the dressed spin state. The instantaneous power varies with the initial phase vector θ 0 . Universal results about the spin dynamics at each t follow upon initial phase averaging
(10)
The first term vanishes as it is a total derivative. The second term is the integrated Berry curvature of the dressed band prior to unlock (and thus excludes the Dirac point). As the integrated Berry curvature of the dressed and instantaneous bands are identical, we obtain Eq. (1).
Kibble-Zurek estimate for t u : The probability to transition to the dressed instantaneous excited state follows from the Landau-Zener result [36] [37] [38] [39] 
Deep in the topological or trivial regimes, the spin's evolution thus remains adiabatic for an exponentially long time-scale ∼ exp (B 0 /ω). Eq. (11) predicts that the spin unlocks from the field when the instantaneous gap squared becomes comparable or smaller than the rate of change of the field [18-22, 24, 27-29] . At the transition, the spin thus unlocks when
This relation defines the "excitation region" within the dashed circle in Fig. 2a . A typical spin trajectory enters the excitation region for the first time after 2π/θ * periods. We thus obtain the scaling of the unlock time
. In the vicinity of the transition, the spin trajectory encounters small gaps of order B 0 δ near θ = 0 (Fig. 2b) . If the frequency is sufficiently small
then the dynamics is adiabatic through the small gaps. The pumped power for t t u is then set by the ω → 0 'phases'. However, when ω > ω * , the transition controls the spin dynamics. The parabola in Fig. 1 separates these two regimes and defines the critical "fan".
Topological contribution to pumping for t t u : At times much longer than the unlock time, non-adiabatic processes heat the spin. In the initial phase ensemble, the populations in the (dressed) instantaneous ground and excited states thus become equal. As the Chern numbers of the ground and excited state bands sum to zero, the ensemble averaged power [P 1T ] θ0 → 0 as t/t u → ∞.
Excitation contribution to pumping: The nonadiabatic excitation of the spin results in a distinct contribution to the power [P 1E ] θ0 . As the spin absorbs order B 0 energy from the drives over a time-scale t u
Unlike the topological contribution, the power due to excitation is non-analytic in ω. The total pumped power is the sum of the topological and excitation contributions. Using Eqs. (10) and (14), we obtain the result Eq. (3) quoted in the introduction. A constant rate of excitation results in a linear increase of the excited state population in the initial phase ensemble at small t/t u . At late times, the populations become equal, and statistically the spin ceases to absorb energy from the drives. Thus,
Kibble-Zurek scaling functions: Within the KibbleZurek (KZ) scaling limit, the non-equilibrium dynamics of the spin becomes universal even beyond the unlock time. The KZ scaling limit involves taking ω, δ → 0 which measuring time in units of the diverging unlock time t u , and the drive frequency in units of the vanishing scale ω * [20, 23, [25] [26] [27] [28] [29] . In this limit, the radius of the excitation region θ * becomes small and the Hamiltonian of the massive Dirac cone (Eq. (5)) controls the excitation of the spin, and hence the decay of the topological component of the power. The topological and excitation components of the power then take the following scaling forms
Above, P 1E and P 1T are scaling functions determined solely by the universality class of the transition in the instantaneous band structure. They capture the universal cross-over from the pre-thermal regime to the late-time infinite-temperature regime. Scaling functions for the Dirac transition: We now numerically extract the scaling forms P 1E , P 1T for the Dirac transition in the half-BHZ model using complexconjugation of the Hamiltonian H ( θ t ) = (H( θ t )) * . Physically, this is achieved by flipping the chirality of the circular polarization of drive 2. The Supplemental Material obtains the same scaling functions for a different microscopic model with a Dirac transition, demonstrating universality.
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The phase-averaged excitation (top) and topological (bottom) scaling functions of the power at tω 3/2 = 1.72 (t/tu ≈ 0.3). As pexc ∝ P1E, the top panel is fit well by a Gaussian. The topological scaling function decreases from one deep in the topological phase δ −ω 1/2 , to approximately one-half at the transition at δ = 0 and to zero in the trivial phase. Parameters: B0 = 1, ω2/ω1 is the golden ratio and 20 values of ω ∈ [0.0025, 0.1].
In the scaling limit, the following relations hold
where P 1 = ω 1 ψ t |∂ θ1 H ( θ t )|ψ t , the conjugated system i∂ t |ψ t = H ( θ t )|ψ t is initialized in its instantaneous ground-state band |ψ 0 = (|ψ 0 ) * . Eq. (16) is obtained as follows. As the probability of excitation in Eq. (11) is invariant under complex conjugation, the ensemble populations of the instantaneous eigenstates are the same at each t/t u for time evolution under H and H . Thus, [P 1E ] θ0 = [P 1E ] θ0 . The topological piece however changes sign, [P 1T ] θ0 = −[P 1T ] θ0 as the Berry curvature changes sign under complex conjugation. Fig. 3 shows the scaling functions across the transition for both contributions as a function δ/ω 1/2 for small t/t u . They confirm the scaling collapse of the (two-dimensional) data from Fig. 1 . The excitation scaling function is proportional to excitation probability for t t u . As p exc ∼ exp(−δ 2 B 0 /ω), Fig. 3a is thus well fit by a Gaussian centred at the transition (black-white
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▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲▲ ▲ ▲ ▲ ▲ ▲ , and approaches it as t/t u → 0. At non-zero δ/ω 1/2 , the component of the Berry curvature that is singular at the transition has a width comparable to that of the excitation region θ * . Consequently, this component is partially sampled by spin trajectories before unlock and leads to the smooth universal function observed in Fig. 3b . Note Eq. (6) is contained within the scaling function in Eq. (15) on taking ω → 0 at fixed δ.
A technical comment: the data in Fig. 3 is timeaveraged over tω 3/2 within the interval [0, 1.72] (in addition to initial phase averaged). This reduces fluctuations due to the sampling of θ 0 and slightly modifies the value of the scaling function near δ = 0.
We now turn to the dependence of the scaling functions on t/t u . Fig. 4 (inset) shows P 1T ∼ [P 1T ] θ0 /P Q at the transition, whilst the main figure shows the power with additional averaging over the time interval [0, t]. The gray vertical line is a proxy for t u and identifies the mean time up to which |∂ t B| < | B| 2 . Both plots show that P 1T
approaches the quantized value of 1/2 only as t/t u → 0. Next, for 0 < t/t u 1, P 1T linearly decreases. This linear decrease follows from the constant excitation rate in Eq. (14) and the opposite sign of the pumping by the excited population. Finally, despite the negative turn at tω 3/2 ≈ 10 in the inset, we find that P 1T approaches zero for t/t u 1, consistent with the main figure. Discussion: We have demonstrated that a simple quasiperiodically driven spin-1 2 exhibits universal scaling behaviors characteristic of extended classical or quantum equilibrium systems in the vicinity of continuous phase transitions [40, 41] . Our results serve as a new example of the tantalising correspondence emerging between equilibrium systems and systems subject to periodic or quasi-periodic driving [10] [11] [12] .
The KZ scaling functions also provide the universal non-linear response of a clean Dirac material in an electric field [79] . On Fourier transforming the θ coordinates, the model in Eq. (4) is equivalent to the realspace half-BHZ model with an additional electric field (ω 1 , ω 2 ) [10, 12] . If we identify ω with the magnitude of the electric field, then the topological component of the power is the Hall response, while the excitation component measures the population in the excited band due to dielectric breakdown when the insulator is initially at zero temperature.
Driven few-level systems can access other topological phase transitions in static systems using different driving protocols. Moreover, the KZ scaling theory can be extended to include the effects of dissipation [11] , or counter-diabatic driving [12] . Both effects increase the unlock time t u , and may simplify experimental access to the half-quantized response in solid-state and quantum optical platforms that host qubits [4] [5] [6] [7] [8] [9] [80] [81] [82] [83] [84] [85] [86] [87] [88] .
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